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Topic:centre of a group
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1.e., Z={zeG:zx=xz ¥ xeG}. roup G is a normal s“‘f;
Theorem +, The centre Z of a & % o
group of G.
Proof : Centre Z of G is a sub grOl-l?? 2l €Z.
Let 21, 2, € Z then Z will be a sub group if 2
If 2y € L= 31X =_rzl"V‘XEG

and € Z=

Now z,x = XZy =

227 (22 %) 277 = 77! (x22) 257
= XM=zl W xeG = ' eZ
We shall now show that z;z,"'eZ
Y @2 =) gt = @ @Y s 2 s
S iz =z (@' x) ' eZ
=A{Z1z" ) >
Since x (z,2,7!) = (2)25°H) x ¥ xe G, it follows that
21227 € Z whenever z,, z; € Z.
Hence Z is a sub group of G.
Z is a normal sub group.
Let 2€Z = zx = xz V- xel.
X =) xl=(@)xl=zeZ
I€Z xeG = xzx'e?
and hence by definition Z 1S a normal sub group.

Theorem o -, If Z be the centre of a group G and ac G,

then ae z if ailfflipp gy if N (@) = G. If G is finite then ae 2 i
and only if o (N (a)) = o (G).

Proof : Zz- {(zeGxz=2r 4 xeZ)

N(a)= {xeG: ax = xa}.
IfaeZ then ar = xXa¥ xeG.
Since for al €6 we have ax =za. Therefore N @)= G; On the othe
A’(G):G = ax = zxq = xels

= ae?Z



Again if G be finite then,
N@=G <= oW (a)=o0(G).
HenceaeZ << M a)=G < o (N (a)) = o (G). If ac
Theorem © Let Z be the centre of a group G. by &
then prove that tRe cyclic sub group {a} of G generate g
‘is a normal subd group of G.
Proof : Z = {z € G : z x = xz"V xeG} and aeZ so that
ax =xa VvV xeG.
Again H = {a}, therefore any element / of H is of the form a”.
H is a normal sub group : Let x be any element of G, then
thxlx=a?x"1=(x ax™) (x'ax=1) .2 )0 (x ax~1
=(x ax) = (g xx)n, by I
= (a )" = @’ and hence it belongs to H = {a}.
Therefore x 2 x! € H'V heH and “¥ xeG and hence H is a normal sub
group of G. >

| Theorem » If 0 (G) = p" where p" is a prime number
‘then the centre % = {e}.

pre s

Proof : We know N (a), ae G is a sub group of G and by Lagrange's
Theorem o N (a) is divisors of the order of group G. Hence o (N (a)) is a

divisor of p” where p is prime and as such o(N (a@)) is of the form p'; where
ng is an integer of the form 0 < n, < n.

2 3 = e n—?NO(G) — _pf_
Again know that o (G) = p SRy i % awhcrc NaSNn..ks (D

The summation is extended over one clement a in cach conjugate class.
Suppose there are exactly z elements in Z ie.o(Z)=rz

NowasZ o N@=G<o (N (a)) =0 (G) =pla=pt S ng=n.
Hence there are exactly z elements in G such that )

BE._ 0 (G) _
P'a 0 (N)(a)

Therefore the class equation (1) can be written as

ng=nit.e.

o

p"
PP=z+X £ _ = where n- <n
Pla £
or, z=p"—2i- LR (7.
P"a i

From above we observe th
a2 divisor of Z. Again as esc”Z &) =2z# 0 and as such z is a°
positive integer divisible by the pame p which i i '
TMust contain an element in addition Were, z# {e}.

at p is divisor of R.H.S. of (2) and hence pis



